The integer quantum Hall effect with a superconducting contact is analyzed.
This paper will examine the integer quantum Hall effect (IQHE) [1] in the presence of a superconductor-normal (SN) junction [2, 3] at one of the leads. The IQHE occurs in a two dimensional electron gas (2DEG) in a strong magnetic field as quantized conductance plateaus with the value σ xy = ne 2 /h where n is the number of filled Landau levels. SN junctions have received considerable attention because of the transport properties caused by Andreev reflection, which takes place when an electron (hole) incident from the normal side has an energy lying within the superconducting gap of the superconductor. Because current is carried in the superconductor as Cooper pairs, a single electron (hole) at the Fermi level cannot enter the superconductor. For a Cooper pair to be injected into the superconductor a hole (electron) must be reflected back into the normal region. SN junctions in magnetic fields have been studied previously [4] , although the magnetic field has usually been assumed small enough that Landau quantization is not significant.
The system to be analyzed is a non-interacting L x × L y 2D electron gas (2DEG) that is periodic in theŷ direction, with a uniform perpendicular magnetic field B = Bẑ. At x = L x there is an infinite barrier, and the semi-infinite superconductor is located at x < 0.
The superconductor is placed on only one side of the 2DEG to avoid the Josephson effect and to simplify some of the later analysis. The magnetic field and superconducting gap are assumed to change abruptly at the SN interface and are otherwise constant throughout the two different regions.
Let us first briefly review Laughlin's derivation of the IQHE without a superconductor [5, 6] in which the periodic 2DEG encircles a magnetic flux Φ. The flux is adiabatically increased from 0 to one flux quantum, Φ 0 = hc/e, and then removed by a gauge transformation. The addition of ∆Φ = Φ 0 increases the energy of the 2DEG, but the gauge transformation returns the Hamiltonian to its original form. Therefore, the net result is an excited state of the original system. Examination of the electron wave functions in the across the sample leading to
or the double quantum Hall effect (2QHE). Clearly the superconductor does not change the role of impurities in providing localized states that lead to the conductance plateaus [5, 6] .
To examine the 2QHE in more detail, we will compute the states of the system, and explicitly compute I y using the edges states. The system will be described by the Bogoluibovde Genne (BdG) equation [7] ,
where ∆(r) is the gap parameter and ηδ(x)/L y models any non-Andreev scattering at the interface. We will use the Landau gauge,
First we must find the the eigenfunctions of H in each region of the system. In the normal conductor the upper and lower components of the BdG equations decouple, reducing to an electron and hole in a uniform magnetic field The solutions are subject to the boundary condition that the wave function vanish at x = L x , giving
where U(a, x) and V (a, x) are the parabolic cylinder functions [8] , ω c = |e|B/mc, and a 2 L =hc/|e|B. X is the location of the center of the wave function when it is in the middle of the sample, far from x = 0 or L x . In the superconductor the eigenfunctions for E > 0 are
The solutions for E < 0 are obtained by making the substitution u → −u in Eq. (12) and 13.
The solutions for the entire system are found by choosing values for E and X and matching wave functions and and their derivatives at the SN boundary. Because the motion in the y direction is parameterized using X in both regions, we need only match the x derivatives at a single point, most conveniently chosen as x = y = 0. In the normal region the most general solution is ψ N = aψ e + bψ h , regardless of the values of E and X. In the superconductor the requirement of normalizability excludes those wave functions that grow as exp(−x). Thus, there are different numbers of basis wave functions available within different regions of E − X space. These four regions are shown in Fig. 1 , within which the superconductor wave functions take the forms
Counting the number of coefficients we see that regions A and D have discrete spectra, while the spectra in B and C are continuous. We will concentrate on A and D, in which the conditions for a solution are
respectively, where the prime denotes the derivative with respect to x. The discrete solutions are found by solving Eq. (18) and 19 numerically.
A typical result is shown in Fig. 2 . The spectrum is very similar to that seen without a superconductor, except for the continuum states, and the hole states which are redundant in the absence of a superconductor. When |X| is located in the middle of the sample it indicates the center of the wave function. For X >> 0 the states are predominantly electron like, for X << 0 they are mostly hole like, and for |X| near the SN interface the components are mixed. For |X| larger than a few times a L the states are almost pure electron or hole due to the Gaussian nature of of the Landau level wave functions.
We now compute the current I y for a potential difference V across the sample in thê x direction. Due to the mixture of components near the SN interface, the current is more conveniently calculated using the barrier edge of the sample. At this edge the states are either pure electron or hole, so theŷ-current carried by a state derived from the Landau level n is given by the standard expression for an edge state [6, 9 ]
With no applied potential, the total current is I y = 0 trivially. Raising the Fermi level Because the 2QHE depends on the transverse current, it is not directly degraded by non-Andreev scattering at the SN interface. This is most easily seen in the Laughlin gauge argument, in which the adiabaticity of the flux addition guarantees that the shifted electron must be delivered to the superconductor condensate. As long as the superconductor and the 2DEG are sufficiently coupled for charge transport to take place, the Hall current will be doubled. This can also be seen by using η = 0 in Eq. (4), as shown in Fig. 3 . The qualitative features of the spectrum are unchanged and the arguments leading to the 2QHE are unaffected. This is in contrast to longitudinal transport, in which interface scattering reduces the effects of Andreev scattering [3] .
There is an indirect effect from non-Andreev scattering. It was assumed above that the Fermi level in the superconductor and the normal conductor were equal. If there is a potential drop across the SN junction, however, the 2QHE will be degraded because electrons can be injected into the superconductor as quasiparticles. Therefore, experimental verification of the effect will require that any potential drop across the junction be much smaller than ∆, which is typically of order 10 −3 eV .
One might be concerned about the fact that in a real system, B and ∆ do not change abruptly at the SN junction. The exact form of B(r) and ∆(r) will be material and geometry dependent. To address this question the energy spectrum was calculated by direct diagonalization using the simplified model
Fig . 4 shows the spectrum obtained with λ = ξ = a L /2 and η = 10hω c . While the spectrum is distorted, the arguments leading to the 2QHE are unchanged. Because A(r) differs from Eq. (5) for x > 0 by B/λ, the barrier edge states in Fig. 4 are shifted in the X direction.
A promising system in which to observe the 2QHE is an InAs/AlSb quantum well with a Nb contact. Andreev reflection has been observed in such structures, and the mobility within the quantum well is high [10] . However, the requirement of a high magnetic field poses some technical problems. To maintain superconductivity in a strong field it may be necessary to use an alloy such as Nb 3 Sn, which has a higher critical field H c2 . An alternative would be to make the contact with Nb and then deposit a thick layer of Nb 3 Sn designed as a guard to keep flux away from the SN junction.
Finally, it should be pointed out that a SN interface would modify other quantum Hall states, such as the fractional state, the low field states at even filling fraction, and states with coupled bi-layers. The fractional effect should be especially interesting since it depends on interactions, which here include those between electrons and holes.
In summary, we have seen that the presence of a single superconducting contact modifies the IQHE such that the plateaus occur at twice their usual values, I y = 2ne 2 V /h. The effect is insensitive to non-Andreev scattering at the SN interface and to flux penetration into the superconductor. There are good prospects for observing the effect in an InAs/AlSb quantum well with a Nb contact.
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